Demonstration of basis set of 16 divergent box integrals

We demonstrate that there are only 16 independent box integrals with collinear or soft singularities. All other
divergent box integrals can be derived from this set. The integrals are characterized by the number of internal
masses which are equal to zero. Y is the so-called modified Cayley matrix.
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A necessary condition for a soft singularity is that for at least one value of ¢,

Vg = 5 |m?+m? = (g1 — g5-1)?]
Yii=Yii1=Y;1=0.
A necessary condition for a collinear singularity is that for at least one value of 7,
Yii=Yiiini=Yii1=0.

Thus in order to have a divergence, we must have at least one internal mass equal to zero.

Integrals with no internal masses
There are five of these integrals
1. IP74729(0,0,0,0; s19, $23; 0,0, 0, 0)
2. I1P74729(0,0,0, p2; s12, 5230, 0, 0, 0)
[{D - 26}(0 L0, 512, 893; 0,0, 0,0), “two opposite offshellness (easy)”
I{D - 26}(0,0 p3,p7; 512, 523:0,0,0,0), two adjacent offshellness (hard)”
(

0,5, p3, P1; $12, 523; 0,0,0,0)


http://qcdloop.fnal.gov/boxdiv1.pdf
http://qcdloop.fnal.gov/boxdiv2.pdf
http://qcdloop.fnal.gov/boxdiv3.pdf
http://qcdloop.fnal.gov/boxdiv4.pdf
http://qcdloop.fnal.gov/boxdiv5.pdf

Integrals with one non-zero internal mass

If we have one non-zero internal mass we can take this without loss of generality to be the last one (my). In

this case the modified Cayley matrix is

0 —%P% —%812 %mi - %pi
v — —%p% 0 —%p% %mi - %823
—1812 —%p% 0 %mﬁ - %p%

%m4 p4 %mi - %523 %m4 p3 mzzl

With s19, s93 fixed we can apply four conditions to potentially create a soft or collinear divergence, namely
p? = 0,p5 = 0,p% = m3, p; = m3. However performing the interchange p? < p3, p3 < p3, (with my fixed)
corresponds to a relabelling of the diagram. In addition setting either p3 = m3 without setting p3 = 0, or

p3 = m?2 without setting p? = 0 does not lead to a divergence. If we denote application of the four conditions

on p?, p3, p3, p3 by ijkl we have following fifteen cases.

(6.) 1234

(7.) 123=124

(8) 12

(9.) 14=23=134=234
(10.) 1=2=13=24

3 =4 = 34 = finite

The first five lines correspond to the integrals 6-10 given below

6, IiDiél*Q(}(

7. IiD:éL*QF} (

8, ]iD:éL—QF,}(

0,0, m%, m?; 819, 593, 0, 0,0, m?)
07 U: nlz7p?l; 512, 523; 07 07 07 m’Q)

0, 07 pga p?iv S12, 523; 07 0, 07 m2>


http://qcdloop.fnal.gov/boxdiv6.pdf
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9’ ]iD:Ll_QF}(O?p%J pga m’Q; 512, 523; 07 07 07 mQ)

D=4—2¢
10. [i }<Oap%7p§7p42175127523/0/070/7%2)

Integrals with two adjacent internal masses

Without loss of generality we can take the two non-zero internal masses to be mg, my4. In this case the modified

Cayley matrix is
12 1,2 1 1,92 1,92 \
( 0 —3P1 23 — 3512 2"y — 3P4
1,2 1,2 1,2 1
v - —3P7 0 2 2P2 §m4 3523
1,2 1 1,2 1.2 2 1
53M5 — 5812 53M5 — 3D) m3 m3 + m4 2p3
1 1 2
3523 33+ 5mi — 3p3 mjy /

\ b= bt it -
A necessary condition to have any divergence is p? = 0. This gives the integral (13). Applying either p3
2 _ 2

or p3 = m3 gives a pair of integrals related by relabelling (12). Applying both p3 = m3 and p7 = m3 gives

2
3

the first integral (11).

{D=4—2¢} 2 .2 9. : 2 .2
11. I, (0, m3, p3, my; S12, S23; 0,0, m3, my)
{D=4-2¢} 2 2 2. . 2 02
12. 1] (0, m3, p3, p3; s12, S23; 0, 0, m3, m3)

{D=4=2¢} 2 2 2. . . m2 a2
13. ]4 (Oap27p37p47<5]2752370707rn37rn’/l)
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Integrals with two opposite internal masses

Without loss of generality we can take the two non-zero internal masses to be mo, m4. In this case the modified

Cayley matrix is

[0 L — 1p3 sy, Im2—1p2
v o_ %m2 — %p1 m3 %m2 — %pQ %m% + %mﬁ — %823
—3512 35 — 3P} 0 3~ 3P}
\ smi—Lp3 Im3+imi—Ley imi— 1 m3 )

In this case we can only have a soft divergence. Setting p? = m3, p; = m3 or p3 = m3, p3 = m3 gives two

integrals related by relabelling (15). Setting both conditions gives integral (14).
14. I{D - 2(}(m2, m3, m3, m3; s12, s23; 0, m3, 0, m?)

15. I{D . 2F}<p17m2’m4’p4’312,823,0 mQ’O m4)

Integrals with three internal masses

With only one zero mass there can only be a soft singularity. This requires the two adjacent external lines to
satisfy the conditions, p? = m3, p; = m3.

16 ]{D - 2F}<7 Ny, p27p5 m47312782370 mQ*mg mi)
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Figure 1: Form of the Cayley matrices for the sixteen divergent integrals



